We study the sets of nonnegative solutions of Diophantine inequalities of the form ax mod bpcx with a; b and c positive integers. These sets are numerical semigroups, which we study and characterize. r
Introduction
Given two positive integers m and n with na0; we denote by m mod n the remainder of the division of m by n: A proportionally modular Diophantine inequation is an expression of the form ax mod bpcx for some positive integers a; b and c: The set S of solutions of this inequality is a numerical semigroup, that is, it is a subset of N closed under addition, 0AS and HðSÞ ¼ N\S is finite (here N denotes the set of nonnegative integers). The aim of this paper is to characterize those numerical semigroups that are the set of solutions of a proportionally modular Diophantine inequality and we will refer to them as proportionally modular numerical semigroups.
We start this paper by observing that given two positive real numbers a and b; with aob; if T is the submonoid of R þ 0 generated by the closed interval ½a; b; then T-N is a numerical semigroup. Theorem 13 states that these semigroups are precisely those numerical semigroups that are proportionally modular.
For a numerical semigroup M and a positive integer p; set M p ¼ fxAN j pxASg:
Theorem 16 asserts that S is a proportionally modular numerical semigroup if and only if there exist a numerical semigroup A generated by fa; a þ 1; y; a þ bg and a positive integer p such that S ¼ A=p: Algorithm 24 allows us to determine whether or not a given numerical semigroup is proportionally modular. This procedure can be extended to verify if a numerical semigroup can be expressed as an intersection of proportionally modular numerical semigroups (Algorithm 27). Finally in Section 4 we show that some families of well-known numerical semigroups are proportionally modular. Given positive integers n 1 ; y; n t ; as usual we write /n 1 ; y; n t S to denote the submonoid of N generated by fn 1 ; y; n t g; that is, /n 1 ; y; n t S ¼ X t i¼1 a i n i ja i AN; iAf1; y; tg Proof. Necessity. If xAT; then there exist t 1 ; y; t k A½a; b and a 1 ; y; a k AN such that
Sufficiency. Let kAN\f0g be such that kapxpkb: Then apx=kpb and thus x=kA½a; bDT: Since T is a monoid, we conclude that kðx=kÞ
Thus in the sequel we assume that 0oaob:
Lemma 3. The set ½a; b is a minimal system of generators of T if and only if 2a4b:
Proof. If ½a; b is a minimal system of generators of T; then 2aAT\½a; b and consequently 2a4b:
Assume now that 2a4b and take xA½a; b: If x is not a minimal generator of T; then x ¼ u þ v with u; vAT\f0g: Hence 2apu þ v ¼ x and by hypothesis this leads to x4b; which is impossible. & Remark 4. In view of Lemma 3, we assume that 0oaobo2a: Note that if 2apb; then T ¼ ½a; NÞ,f0g: These semigroups will be called half-lines.
Given a real number x; Jxn denotes the minimum of the set fzAZjzXxg; and Ixm is the maximum of the set fzAZjzpxg (Z is as usual the set of integers).
Proposition 5. If T is the submonoid of R þ 0 generated by ½a; b; with 0paob; then T contains a half-line. In fact
Proof. By Lemma 1, we know that T ¼ f0g,½a; b,½2a; 2b,?,½ka; kb,? : Proof. This follows from Corollary 9 and Proposition 5. &
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Numerical semigroups that are proportionally modular
Let T be a submonoid of R þ 0 generated by a closed interval. By Proposition 5 it follows easily that T-N is a numerical semigroup. The semigroups obtained in this form will be called proportionally modular numerical semigroups.
If S is a proportionally modular numerical semigroup, then intuition says that there are many choices of T such that T-N ¼ S; with T a submonoid of R þ 0 generated by a closed interval, that is, we can vary the generating interval ½a; b in such a way that the nonnegative integers belonging to T remain the same. Following this idea, we could choose a and b to be rational numbers, and this is what is proved in the following result.
Lemma 12. Let S be a proportionally modular numerical semigroup. Then there exist p; qAQ such that 0ppoq and S ¼ T-N; where T is the submonoid of R þ 0 generated by ½p; q:
Proof. Since S is proportionally modular, there exist a; bAR þ such that S ¼ M-N; where M is the submonoid of R þ 0 generated by ½a; b: Using Lemma 1 and Proposition 5 we deduce that there exits tAN such that S ¼ N-ðf0g,½a; b,½2a; 2b,?,½ta; tb,½ðt þ 1Þa; NÞÞ;
where cðMÞ ¼ ðt þ 1Þa: Let
Both a 0 and b 0 are rational numbers such that 0pa 0 papbpb 0 : If a is rational, set p ¼ a; otherwise choose a rational number p such that a 0 oppa; analogously, if b is a rational number, then set q ¼ b and if this is not the case choose a rational number q such that bpqob 0 (the density of Q in R ensures the existence of p and q). Let T be the submonoid of R Let a; b; c be positive integers. In [5] we studied numerical semigroups of the form S ¼ fxANjax mod bpxg; and we called them modular numerical semigroups with modulus b and factor a: According to Corollary 9, S ¼ T-N; where T is the submonoid of R þ 0 generated by ½b=a; b=ða À 1Þ: A numerical semigroup of the form S ¼ fxANjax mod bpcxg is proportionally modular with modulus b; factor a and proportionality c: The following example shows that there exist proportionally modular semigroups that are not modular.
Example 15. As we will show in the next section, the semigroup /3; 8; 10S is proportionally modular, but it is not modular (see [5] ).
Let S be a numerical semigroup and let p be a positive integer. We denote by S=p the numerical semigroup S p ¼ fxAN j pxASg:
Clearly S=p contains S and if pAS; then S=p ¼ N:
A numerical semigroup S is said to be arithmetic if there exist two nonnegative integers aob such that S ¼ /a; a þ 1; y; a þ bS:
Theorem 16. Let S be a numerical semigroup. The following conditions are equivalent:
(1) S is proportionally modular, (2) there exists ðA; pÞ with A an arithmetic numerical semigroup and p a positive integer such that S ¼ A=p:
. By Lemma 12 we know that S ¼ T-N; where T is a submonoid of R þ 0 generated by ½a=c; b=c for some positive integers a; b; c: Let T 0 be the submonoid of R þ 0 generated by ½a; b and let A ¼ T 0 -N: Clearly A ¼ /a; a þ 1; y; bS: We prove that S ¼ A=c: If xAS; then xAT and thus there exits kAN such that ka=cpxpkb=c: Hence kapcxpkb; which leads to cxAT 0 -N ¼ A; meaning that xAA=c: Conversely, if xAA=c; then cxAA ¼ T 0 -N and consequently cxAT 0 : Therefore there exists kAN such that kapcxpkb; which is equivalent to ka=cpxpkb=c: We can then state that xAT-N ¼ S:
(2) implies (1). Let a and b be two nonnegative integers such that A ¼ /a; a þ 1; y; a þ bS: By [1] we know that xAA if and only if x mod apI Proof. If S ¼ /m; m þ 1; y; m þ pS for some nonnegative integers m; p; then from the proof of Theorem 16, we know that S ¼ fxANjðm þ pÞx mod mðm þ pÞppxg: Clearly, ðm þ pÞ 2 ¼ mðm þ pÞ þ ðm þ pÞp:
and checking again the proof of Theorem 16, we see that this equals /a À c; a À c þ 1; y; ða À cÞ þ cS: & An element hAN is a fundamental gap of a numerical semigroup S if heS and khAS for all kAN\f1g: Denote by FHðSÞ the set of fundamental gaps of S: Given X CN; let DðX Þ denote the set of all positive divisors of elements in X : Clearly S ¼ N\DðFHðSÞÞ; and thus FHðSÞ uniquely determines S:
Lemma 18. Let S be a numerical semigroup and let p be a positive integer. 
(1) for all iAf1; y; pg there exists k i Af1; y; n i À 1g such that n i =k i A½a; b; (2) for all xAHðSÞ and for all k x Af1; y; x À 1g; we have that x=k x e½a; b:
Proof. It suffices to recall that if xAN\f0g; then xAT if and only if kapxpkb for some kAN\f0g (Lemma 1). Hence xAT if and only if there exists kAN\f0g such that ap x k pb: As a41; we can assert that xAT if and only if x=kA½a; b for some kAf1; y; x À 1g: & This result can be sharpened taking into account the following. Let SaN be a numerical semigroup and let yAHðSÞ ¼ N\S: Then S,fyg is a numerical semigroup if and only if 2yAS and y þ sAS for all sAS\f0g: The subset of gaps of S fulfilling this condition will be denoted by EHðSÞ (clearly EHðSÞ consists of those elements in FHðSÞ that are also pseudo-Frobenius numbers; for the definition of pseudo-Frobenius number see [2] ). Besides, observe that if S 0 is a numerical semigroup that properly contains S; then maxðS 0 \SÞAEHðSÞ: The set EHðSÞ can be much smaller than HðSÞ and as we see next it can replace HðSÞ in Condition (2) of Proposition 22.
Proposition 23. Let SaN be a numerical semigroup with system of generators fn 1 ; y; n p g: Let a; b be real numbers such that 1oaob; and let T be the submonoid of R þ 0 generated by ½a; b: Then S ¼ T-N if and only if the following conditions hold:
(1) for all iAf1; y; pg there exists k i Af1; y; n i À 1g such that n i =k i A½a; b; (2) for all xAEHðSÞ and all k x Af1; y; x À 1g; we have that x=k x e½a; b:
Proof. Necessity. Follows from Proposition 22, by taking into account that EHðSÞDHðSÞ:
Sufficiency. As Condition (1) holds, fn 1 ; y; n p gCT-N and thus SDT-N: If SaT-N; then as we pointed out above x ¼ maxððT-NÞ\SÞAEHðSÞ: But this in particular implies that xAT and thus there exits kAN such that apx=kpb: As a41; we obtain that kAf1; y; x À 1g; contradicting Condition (2) . & Last result allows us to give the following procedure to check whether or not a numerical semigroup is proportionally modular.
Algorithm 24. Input: fn 1 ; y; n p g a system of generators of a numerical semigroup SaN:
Output: ''S is proportionally modular'' or ''S is not proportionally modular''. and fx q ; y; x qþr g ¼ fn 1 ; y; n p g; then return ''S is proportionally modular''. (6) Otherwise, return ''S is not proportionally modular''.
We briefly justify the correctness of Algorithm 24. Assume that ððx q ; y q Þ; y; ðx qþr ; y qþr ÞÞ is a segment of the ordered list B fulfilling the conditions of Step (5). Since fx q ; y; x qþr g ¼ fn 1 ; y; n p g; we have that Conditions (1) and (2) (1) and (2) There is no segment of the list B fulfilling Step (5) and thus S is not proportionally modular. Note that Algorithm 24 can be also used to determine those proportionally modular numerical semigroups that minimally contain S: For instance, by looking at the sequence ðð10; 3Þ; ð7; 2Þ; ð11; 3Þ; ð4; 1Þ; ð9; 2ÞÞ; we see that S,f7g is minimal among the proportionally modular numerical semigroups containing S:
Example 26. For S ¼ /3; 8; 10S; we have that EHðSÞ ¼ f5; 7g and that the ordered list B in Algorithm 24 is ðð10; 9Þ; ð8; 7Þ; ð7; 6Þ; ð5; 4Þ; ð10; 8Þ; ð8; 6Þ; ð7; 5Þ; ð10; 7Þ; ð3; 2Þ; ð8; 5Þ; ð5; 3Þ; ð10; 6Þ; ð7; 4Þ; ð8; 4Þ; ð10; 5Þ; ð7; 3Þ; ð5; 2Þ; ð10; 4Þ; ð8; 3Þ; ð3; 1Þ; ð10; 3Þ; ð7; 2Þ; ð8; 2Þ; ð5; 1Þ; ð10; 2Þ; ð7; 1Þ; ð8; 1Þ; ð10; 1ÞÞ:
In this case there are two segments in the list fulfilling Step (5), namely ðð10; 7Þ; ð3; 2Þ; ð8; 5ÞÞ and ðð8; 3Þ; ð3; 1Þ; ð10; 3ÞÞ: Hence this semigroup is proportionally modular and S ¼ T 1 -N ¼ T 2 -N where T 1 and T 2 are the submonoids of R þ 0 generated by the intervals ½10=7; 8=5 and ½8=3; 10=3; respectively. Note that according to Theorem 16, S ¼ /3; 8; 10S ¼ /8; 9; 10S=3: Actually, Algorithm 24 supplies us with all possible intervals ½a; b for which S ¼ N,T; with T the submonoid of R þ 0 generated by ½a; b: More precisely, the pair ða; bÞ must belong to ðð7=5; 10=7 Â ½8=5; 5=3ÞÞ,ðð5=2; 8=3 Â ½10=3; 7=2ÞÞ: We can use this information to see whether or not S is modular. As we pointed out after Remark 14, S is modular if and only if a and b can be chosen to be b=a and b=ða À 1Þ; respectively, for some positive integers a and b: Two cases arise: (a) 7=5ob=ap10=7 and 8=5pb=ða À 1Þo5=3: Hence 5=7oa=bp7=10 and 8=5pb=ða À 1Þo5=3: Multiplying term by term, we get 28=25pa=ða À 1Þo25=21; and this leads to 7pao9: For any of these possible values of a; the original system of inequalities is incompatible. (b) 5=2ob=ap8=3 and 10=3pb=ða À 1Þo7=2: Analogously, we obtain that aAf4; 5g and as before the resulting system of inequalities is incompatible.
In view of this, S is not modular (compare with the method proposed in [5] ).
A numerical semigroup S is system proportionally modular if there exist positive integers a 1 ; b 1 ; c 1 ; y; a r ; b r ; c r such that or equivalently, S is the intersection of finitely many proportionally modular numerical semigroups. As we will see soon, there are system proportionally modular numerical semigroups that are not proportionally modular (see Example 28). Moreover, one can find numerical semigroups that are not system proportionally modular; this can be deduced from the following argument. A numerical semigroup is irreducible if and only if it cannot be expressed as an intersection of two numerical semigroups containing it properly. In [3, 4] it is shown that S is irreducible if and only if it is either symmetric or pseudo-symmetric (actually this disjunctive depends on the parity of the Frobenius number of the semigroup). A numerical semigroup S is symmetric if xAN\S implies gðSÞ À xAS: Note that if S is symmetric, then gðSÞ is odd. A numerical semigroup S is pseudo-symmetric if gðSÞ is even and xAN\S implies that either x ¼ gðSÞ=2 or gðSÞ À xAS: The semigroup /4; 6; 7S is symmetric, whence it is irreducible and thus it cannot be expressed as an intersection of numerical semigroups containing it properly. This in particular means that if S is system proportionally modular, then S must be proportionally modular. But by applying Algorithm 24 to S we will see next that S is not proportionally modular, and thus it is not system proportionally modular.
Next we give an algorithm for deciding whether or not a given numerical semigroup is system proportionally modular.
Algorithm 27. Input: fn 1 ; y; n p g a system of generators of a numerical semigroup SaN:
Output: ''S is system proportionally modular'' or ''S is not system proportionally modular''. and fn 1 ; y; n p gDfx q ; y; x qþr g; set C l ¼ fx q ; y; x qþr g: (6) If -C l ¼ fn 1 ; y; n p g; then return ''S is system proportionally modular''. (7) Otherwise, return ''S is not system proportionally modular''.
Let S ¼ /n 1 ; y; n p S be a nontrivial numerical semigroup. Observe that if l ¼ ððx q ; y q Þ; y; ðx qþr ; y qþr ÞÞ is a segment of the ordered list B fulfilling the condition impossed in Step 5 of Algorithm 23, then S l ¼ T l -N; where T l is the submonoid of R þ 0 generated by ½ Since there is no portion of the list fulfilling
Step (5) of Algorithm 24, this numerical semigroup is not proportionally modular and as we pointed out above this implies that it is not system proportionally modular (S is irreducible). If we use Algorithm 27 instead, we observe that every C l of
Step (5) contains the integer 9 and thus 9A-C l \f4; 6; 7g; whence Algorithm 27 outputs ''/4; 6; 7S is not system proportionally modular''. For S ¼ /4; 9; 10; 11S; we have already computed in Example 25 the corresponding list B: Observe that for the pieces of B l 1 ¼ ðð11; 9Þ; ð5; 4Þ; ð10; 8Þ; ð9; 7Þ; ð4; 3ÞÞ and l 2 ¼ ðð4; 3Þ; ð11; 8Þ; ð7; 5Þ; ð10; 7Þ; ð6; 4Þ; ð9; 6ÞÞ; we obtain C l 1 -C l 2 ¼ f4; 9; 10; 11g; which implies that the set -C l in Step (6) of Algorithm 27 is precisely f4; 9; 10; 11g; whence S is system proportionally modular. Proof. Since ða; bÞ ¼ 1; there exists kAN such that kb 1ð mod aÞ: We prove that S ¼ fxAN j kðad þ cbÞx mod ðad þ cbÞapcxg; and this in particular implies that S is a proportionally modular numerical semigroup (see Theorem 13). Let xAS: Then x ¼ la þ mb for some l; mAN such that mp Proof. It is straightforward to check that S ¼ fla þ mbjl; mAN and mpclg and by Theorem 30, this implies that S is proportionally modular. & Corollary 32. Every numerical semigroup generated by two elements is a modular numerical semigroup.
Proof. Suppose S ¼ /a; a þ bS for some a; bAN\f0g such that ða; bÞ ¼ 1: Hence S ¼ fla þ mbjl; mAN and mplg: If kAN is such that kb 1ð mod aÞ; then from the proof of Theorem 30, by taking c ¼ d ¼ 1; it follows that S ¼ fxANjða þ bÞkx mod aða þ bÞpxg and thus S is a modular numerical semigroup. & 
